YKazaHusd K perennaM 3aa1d MyHHUIAITAILHOTO Tamna Beepoccniickoir
OJIUMIIMAJIBI TKOJIBHUKOB 0 nHpopMaTuke 2018 /2019 yuebHOrO roja.
9 - 11 kjacchl.

Kpachoiapckas kpaeBasi peJMeTHO-METOANYeCKas KOMUCCHS
Beepocceniickoit ouMmuaibl MKOJIBHUKOB 0 HH(DOPMATHKE

IIpu pazbope 3ama9 HACTOATEIHHO PEKOMEHIYETCS MOAPOOHO PACCMATPUBATD HE TOJIBKO AJTOPUTMHUIECKYIO CO-
CTABJIAIOILYIO PEIIeHniT, HO U MATEMATUYIECKYIO, B T€X CIIy4asix, KOI/a OHA He TpuBrUajbHa. Maremarnieckuil acekT
peIeHus 3a/1a9¥, HECMOTPSI HA, CBOIO TIPOCTOTY, HIXKE Pa300paH OYeHb MOAPOOHO C JOCTATOUYHO BHICOKON CTETEHBIO
dopmanm3Ma, 9TO WHOTJA MOYKET MPEemsTCTBOBATH BOCIPUSATHIO MIKOJIbHUKOM. IIpu pa3bope OYeHb KelaTebHO
JOOUTHCS COYETaHUS CTPOTOCTH U JOCTYITHOCTH U3JI0KEHUS .

3amaga 1: Ilouck Kyme
Borancimy mopsakoBbiit HoMep Kyme Mutmu, cauTas OT Hadaja moe3a:
c1 = [(31 — 1)/4] + 1+ (w1 — 1)-9,

31ech [-] - menas gactb or gesenusd, [(s; — 1)/4] - kosmuecrBo Kyne, npeziiecTByomux MunmHomy Kyie B
MummaoMm Baroue, (wy — 1) - 9 - KoAU9ecTBO Kylie BO BCeX BarOHAX, NPEJUIECTBYIOMNX MUIIHHOMY Barony.
Anasnoruyano, nopsaaxosblit Homep Kyme Caluy BbIMUCILeTcs CJIeLyOnHUM 06pa3oM:

Co = [(82—1)/4]+1+(w2—1)-9.

Tenepb OCTaJIOCh BBIYMCJIUTH aOCOTIOTHOE 3HATEHNE Pa3HOCTH 3TUX IIOPAJKOBBIX HOMEPOB - 3TO U 6y,Z[eT OTBETOM
B 3a/1a4e:
|Cl — CQ‘ .

Pernenust, mocTpOEHHbIE HA UTEPUPOBAHUN IO HOMEPAM MECT HE YKJIAIbIBAIOTCS B OTBEIEHHOE BPEMs W HAOUPAIOT
HEIOJIHBIA 0aJIJI.

Sagaua 2: CekpeTHoe cooOIIeHne

JIjist perieHusi EpBO MOA3a0a9M TOCTATOYHO BOCIIOIB30BATHCS METOIOM TOJTHOTO Tepedbopa: s KaXKI0ro | =
1, ..., M PACCMOTPETH BCE€ YIACTKU TOAPAT UAYIITUX SJIEMEHTOB C Ha9aJIOM B 7-OM YUCJIE U cpean TeX n3 HUX, KOTOPhIe
UMEIOT CyMMY, KPaTHYIO k, BBIOpaTh MAaKCUMAJIbHBIN 10 JJIuHE ([jIf PABHBIX JJIMH BHIOUPATH yYaCTOK C MEHBIIUM
UH/IEKCOM Hadasa). Eciu He mepecuuThiBaTh Jjisi KayKI0r0 y4acTKa CyMMY, a IPUOABJIATH OUEPEIHOE YUCIIO K CyMMe
yJacTKa C TeM K€ Ha4JaJlOM, HO Ha €IUHUILY MEHbIIEeN JIJIUHBI, TO MBI TIOJIy9aeM PeEIIeHue ¢ KOJIMIeCTBOM AelcTBuit
O(nQ), YTO JOCTATOYHO JIJIs OI'paHUYeHuit 11epBoil 10J13a/1a4 1.

JIJ1st TOTHOTO pEeIIeHus 331291 HeOOXOAMMO MOCTYIUTD CJIEAYIONIUM 00pa30M. BBIYUCINM 4aCcTUYHBIE CYMMBI TIO
mozyso k Ha Bcex npedukcax ucxomHoro maccusa A (uHgekcaius maccusa ¢ 1):

Si] = ZA[]'] mod k.

IIpu mocsie10BATEIFHOM BBIYMC/IEHUN YACTHYHBIX CYMM HA 3TO Y HAC MOTPeOyeTcs MOpsiaKa n [IedCTBUii:

Sli+ 1] = (S[i] + A[i + 1]) mod k.



Hobasum vacruunyio cymmy S[0] = 0. Cymma y4yacrka oT -ro [0 j-T'0 3JEeMEHTA 110 MOUYJIIO0 k MOXKeT ObITh JIErKO
BBIYUCJIEHA € UCIOIB30BAHMEM YACTUIHBIX CyMM:

(A[i] + Ali + 1] + ... + A[j — 1] + A[j]) mod k = (S[5] — S[i — 1]) mod k.

Temepsb 3amada CBOAUTCA K CAEAYIONIEH: HAUTH JBEe OJMHAKOBBIE YACTUIHBIE CYMMBI C MaKCHUMAJIHLHON pa3HUTIEH
HHJIEKCOB. DTO JIETKO C/eIaTh OJJHOBPEMEHHO C NX BBIYMCJICHUEM, €CIM B MACCUBE JUIMHBL &k (B CHJIy OPpaHUYEHHS Ha,
BO3MOKHOE 3HaUeHHE Kk TAKOH MACCHB MOXKET OBITH CO3/IaH) OTMEYaTbh MUHUMAJbHbIE HHACKCHI JAHHON YacTHIHON
cymmbL: m[t] - muanMaabHOE TaKoe i, uro S[i] =t (¢t =0,...,k — 1, no m[0] = 0, nosTOMy Hy/IEBOH! JIEMEHT MOKHO
He MCoIb30BaTh). Iomyyaem obimee kKommuecTso feiicremii O(n).

3ama4a 3: /IpyKecTBEeHHBIE IIETIOYKN

Haiiném ayia KaXxa0ro dnciia u3 JaHHONO MHOXKECTBA CyMMY ero COOCTBEHHBIX JaeuTesieii. YTobbr HaiiTh Komde-
CTBO COOCTBEHHBIX JesuTesiell uncia N MOXKHO nepebupars Bee uucia Menbinne N (uin, Kak HeGoJIbIIas ONTHMU3a-
s, Menbmue [N/2]) u y9uThiBaTh Te U3 HUX, HA KOTOPbIe aeaurcs aucao N. Takoit anropurm norpebyer mopsaka
N neficTBuii, M C €ro NCIOIH30BAHNEM MOYKHO MTOCTPOUTH PEITIEHHe TOJIHKO moa3aaad 1 u 2. s permenus: moa3agad
3 u 4 tpebyercst 60s1ee 3P DHEKTUBHBIN AJTOPUTM BBIYUCIEHUST KOJUIECTBA COOCTBEHHBIX JIEIUTE IEH: epednpaercs

TOJIBKO MEHBIUI U3 JeIuTee, OH, 04eBUIHO, HE TPEBOCXOIUT [\/ N } . BmecTe ¢ MeHBIIIM JeTUTEIEM YIUTHIBACTS
¥ MapHBIA K HEMY - TOT, TPOu3BeaeHNe Ha KOTOpbIi m1aér N. OTaensHO HYKHO 00paboTarsh curyanuio, Korma N -

TOYHBIH KBaJPaT, B 3TOM Cjlydae JeJIUTesb {\/ N ] Hy’KHO y9eCTh TOJBbKO oanH pa3. KommdecTBo neficTBuit 3T0OTO

asropuTMma, o4eBugHO, O (\/N) .

CpaBHUBasT KOJTUYECTBO COOCTBEHHBIX JEUTENEH ¢ CAMUM YUCJIOM, MOYKHO MOy IUTh PEIeHne epBoil moa3ana-
qu. [l pemrenust BTOPO#l MO/33,/1a491 JOCTATOYHO BBIYUCIUTD JJIs KAXKO0r0 YHMCJIa CYMMY €ro COOCTBEHHBIX JI€JIATe-
Jieil ¥ CPaBHUTH €r0 CO BceMu duciamu. Ecim Haxoaum PaBeHCTBO € APYTUM YUCIOM, TO JJIs STOIO YUCJIA BBIYUCIIAEM
CyMMy COOCTBEHHBIX JEJIUTEIEH U CPABHUBAEM C MCXOJHBIM 4nC/IOM. KCJIn CHOBa PABEHCTBO - MbI HAIILIU APy APY-
JKECTBEHHBIX uncesl. Konm4aecTBo NeiicTBuil pU BHIYUCICHUN CyMMbI COOCTBEHHBIX aeiuTeseii 3a O(N) neiictsuii -
0] (n - N + n2) , e N - orpaHrYeHne Ha BEJIUYUHY YHUCEJI, 9YTO MO3BOJIAET MOy IUTh PEINeHne TOJIBKO BTOPO MOIa-
3agaqan. Ecan ke BOCIomb30BaThCst Dosiee 3 (PEeKTUBHBIM aJITOPUTMOM BBITHCIEHU CyMMbI COOCTBEHHBIX JIe/TATEEH

3a O (\/ N ) JeiicTBuit, omydaem obree KonmdecTBo neiictsuit O (n VN + n2) , 4TO LO3BOJIAET PELIUTH TPETbIO

noxzamady. Kpome Toro, qannoe pemienue MOXKHO HEMHOIO yCKOPUTH ([IPUMEDPHO BJBOE), €CJIU OTCOPTUPOBATH YUCIIA
¥ BOCIIOJTb30BAThCSA OMHAPHBIM TOMCKOM st HAXOXKIEHHS IHUCIa, TMOTEHIINAILHO MapHOro mamaomy. Kpome Toro,
caMy CyMMYy COOCTBEHHBIX JEIUTENeH /i KaXKI0r0 UUC/Ia UMEET CMbBIC/T BBITHCIUTH TOJIBKO OJWH Pa3 M COXPAHUTH

B maccuse. Kosinuecrso aeiicrsuii: O (n VN +nlog n) .

st moHOro pernenus 3aa9u npou3BenéM caeaytomee nocrpoenme. Ilycrs Afi] - orcoprupoBaHHBIA Maccub
ucxoaubix uduces. [locrpoum caenytomumii maccus B: Bli] = j, eciiu o(A[i]) = A[j], rae o(a) - cymma coberBeHHbIX
Jenmreneil qucia a, ecJu Takoro j He cymecrsyer, o B[i] nosoxkum pasubiM, naupumep, —1. s Boraucienus 3ua-
YeHWit MaccuBa B 7St KasKI0ro dJeMeHTa MaccuBa, A BBIUNCINM CYMMY COOCTBEHHBIX JEJIUTENE W BOCIIOIb3yeMCst
OMHAPHBIM TOMCKOM It OMPEIeIeHNs COOTBETCTBYIONIEro nHaekca j. Ilocie Berancenns maccuBa B octanock mpo-
M3BECTHU MOKMCK IUKJIOB: CTAPTYEM € OYEPEIHOTO HE NPOIIEHHOTO PAHEE PH MOUCKE UKJIOB HHIEKCA U MTPOXOIUM T10
ssiemenTam maccusa B : i, Bli], B[B[i]], B[B[BJi]]], ... noka He 3aiigém B Tynuk, aubo He NPUAEM B DaHee IOCEIIEH-
ublii uugekc. [Ipuaém, ecin Mbl IOHAEM B MHJIEKC, IIOCEIEHHDBI PAHee Ipu CTapTe € APYroro MHAEKCA, TO ITO He
JIAET HAM HUYEro HOBOTO: 3TO JMOO TYMHKOBAs BETBb, JIMOO0 paHee HaWIEHHBIH IUKJI. A ecan MBI TOMAIEM B WHIIEKC,
MOCENEHHBIN B TEKYIIHMIA POXOJ IO HEMoYKe, TO MbI HANLIN UK. OCTAIOCh TOIBKO HANTH €ro JJINHY - HAJIO0 CHOBA,
CTapTOBATh C HAWJIEHHOIO WHIEKCA U JABUTATHCS, MOKA He JOHIEM J0 Hero yKe. UToObl OTIndYaTh WHIEKChI, HCCIIeI0-
BAHHBIE B IPEABLIYIIMX NPOXOAAX OT MHAEKCOB, IPOMIEHHBIX B TEKYIIEM IPOXOE, HEOOXOAMMO OTMEYATH B MACCUBE
HOCEMIEHUH MHIEKCOB MHIEKChI IIPU IIOMOIIU CTapTOBOro unaekca. [Ipu obnapykenun ouepessoro 6oJee AInHHOrO
IIMKJIa HEOOXOIMMO 3alIOMUHATE €10 JIJINHY M JII00O0H €ro 3JeMeHT, C KOTOPOTO BIOCJEICTBUN MOYKHO BOCCTAHOBUTH
MoCJIeI0BaTeIbHbIE HHIEKCHI IIUKJIA (& COOTBETCTBEHHO W CAMW YHCIIA).

Beimuiem anaropuTm:

1. CoprupyeM MacCuB MCXOIHBIX duces A.



2. Hns kaxaoro Ali] seraucisiem o(A[i]) u upu nomoiu 6MHAPHOIO OUCKA OnpeesseM Takoe j, uro o(A[i]) =
Alj], mubo onpenensem, 9To Takoro He cymectsyer u kinangm j = —1. Knaném B[i] = j.

3. UnunpanmmsupyeM MAaCcCUB MPU3HAKOB PACCMOTPEHHbIX umces: V[i] = —1 nys Bcex i, 9TO O3HAYAELT, UTO i-€
YUCJIO elé He PacCMOTPEHO.

4. TTukn no Beem Vi] :

(a) OrTmewaem, 9TO JAHHBIN WHIEKC Y3Ke PACCMOTpeH: KaaaeM V[i] = i.
(b) Ilepexomum K BO3MOXKHOMY CJIE/IyIOLIEMY MHIEKCY B Lelovke: Kiuanem j = Bli].
(c) Moka j #—-1UV[j]=-1:
i. OrmeuaeM, 9TO MAHHBIN WMHAEKC yKe paccMorpen: kaamém V[j] = i (BaxkHO, 9TO OH PACCMOTpEH
UMEHHO TIPU CTapTe C WHIEKCA 7).
ii. Tlepexoqum K BO3MOXKHOMY CJIEIYIOMIEMY UHIEKCY B IETOYKe: Kiaamgm j = Blj].
(d) Ecom j # —1 U V[j] =4, T0O ecTb MbI HAIIJIU HOBYIO IIEIIOYKY:
i. Berancasiem mivHy nukia: KaaaeM ¢ = B[j] u B 1ukse npoBoanm onepanmio t = B[t], moka t # j.

ii. Eciim mymHa HaWIEHHONW TEmodKu OOJIbINe MPEAbIayIneil MaKCUMAIbHOW JJINHBI, 3AIIOMHHAEM 3TY
HOBYIO MaKCUMAaJbHYIO JJIUHY U j KaK WHAEKC OJTHOTO M3 3JIEMEHTOB IEMTOYKH.

5. BuBoanmM HaNWIEHHYI0 MAKCUMATBLHYIO JITMHY W BOCCTAHABIUBAEM IE€MOYKY ITOH MAaKCUMAJIHLHON JIJIMHBI, Ha-
quHasd C 3alIOMHEHHOrO MH/IEKCa OJHOTO M3 €€ 3JIEMEHTOB.

Ha a3bike C K07 MEHTPAIBHOM YACTH AJTOPUTMA BBITJISIUT CIAEAYIONMM 00pa30M:
maxlength = 0;

maxchainstart = —1;

for(i = 0; i < n; i++)

{

iv;lé(J - 1 && V[j] — -1)
{ done[j] = i;
i =B[il;
if(j 1= -1 && V[j] = i)
{ t = Blj];

curlength = 1;
while(t != j)
{
t =B[t];
curlength++;

if (curlength > maxlength)

maxlength = curlength;
maxchainstart = j;



3ama4a 4: KoHHOe mmyTeniecTBue

OCHOBY pertieHust 337]a91 COCTABJISIET M3BECTHBIIM aJIrOpUTM 00X071a rpada B IMUPUHY: 0OX0 HATHHAETCS B OHOI
BEpIIKUHE, TIOCTE TOr0 UCCIEAYIOTCS BCe €€ J0YepHEe BEPIINUHBI, MOCJe 3TOr0 BCe UX JIOYEPHUE BEPIIUMHBI U TaK
nmanee. Kiaccuaeckast peanmsanusi JAHHOIO aJIlOPUTMA OCHOBAHA HA WCHOJB30BAHUE O4Yepen 00pabaThiBAEMBbIX
epiiut. OQUHAKO JiJIsi PelleHusi NepBOoi 10334341 MOXKHO peajim30BaTh 00X0 B MIMPUHY U O€3 MCIOJIb30BAHUS
oduepenu: OTMEYaeM Ha JAHHOM MPSIMOYTOJbHUKE B KJIETKAX PACCTOSHUS, M3MEPSEMOE B XOJIaX KOHsI, OT UCXOMHOM
kjaeTku. s 3TOro orMeTmM CHadasa camy mcxomHyro Kjerky umcsiom 0. Ilocie sToro ormernm BCe KIIETKH, B
KOTOpbIE U3 HEE MOXKHO momacth duciaoMm 1. Jlamee mpocMarpuBaeM BeCh MPSMOYTOJBHUK W €CJIH HAXOIUM YHUCJIO
1 - ormMedaem Bce paHee He OTMEYEHHBbIE KJIETKH, B KOTOPbIE MOYXKHO MOMACTHb W3 JaHHOM, duciaom 2. U tak mamee:
Ha k-OM miare mOJHOCTBIO MPOCMATPUBAEM IPSAMOYTOJbHUK W, KOIJIA HAXOAUM KJIETKY C 9HCIOM Kk, OTMEYaeM BCe
paHee He OTMEYEHHBIE KJIETKH, B KOTOPBIE M3 HEE MOXKHO MOMACTh, ducioM k + 1. MakcumasbHOe paccTosiHue
OTPAHUYUBAETCS OOIIUM YHCJIOM KJIETOK B TPSIMOYTOJLHUKE, MO3TOMY OOIIee KOJIUYECTBO JEHCTBUN MPU TaKOM
nomxome O(M? - M?) = O(M*?).

s perienusi BTOpoi MOA3aia9u HEOOXOMMMO HAYIUTHCS ONPENEIsaTh, MPUHAIEKUT JIH KIJIETKA TEPPUTOPUN
Yeccasamum. JIiis 3TOro MOXKHO MOCTPOUTD KAPTy CTPaHbI HA psimoyToabauke [0, M —1] x [0, M —1] - ormeTnTh Bee
KJIETKH, TPUHAIJIEKALTNH TEPUTOPUN CTPAHBI YUCJIOM 1, & He mpuHaIexkalnye - uncioM 0. B octajasHOM JOCTATOUHO
peanu3oBaTh NPUBEIEHHBI Bbime airoput™. Konuuectso neficreuii no-npexuemy O(M?).

B Tperneit nogzamade Ijisi KOHTPOJIS TPUHAJIEKHOCTH KJIETKH TEPPUTOPUH CTPAHBI MOYKHO TMOCTYIHUTH TOYHO
TakuM ke o6pazom. [Ipu 31oM, 9TOOBI YIOKUTHCS B OrPAHUYEHUST TIO TTAMSITH, JTBYMEPHBIA MACCHB C KAPTO TOJIZKEH
COCTOATH U3 OMHOGAHTOBBIX Henbix. Ha cocrasmenne kaprsl orpebyerca O(n - m?) meitcrsuit. [l pemenus 3Toit
LO/334a4 1 Peaiu3aluio 00X0/a B LUMPUHY HEOOXOAUMO JIeJIATh y2Ke C IOMOLIBIO O4epeiu (OTChLIAEM B 9TOM MECTe K
yue6Hoit mureparype, nanpumep A. Illens "TIporpamvuposanue. Teopemsr u 3amaqu"). 1o morpedyer emg O(n-m?)
JeficTBui, TT09TOMY 00Iast aCCUMITOTUKA KojindecTBa oneparmii O(n - m?).

B gerséproil moazagade coCTaBUTh KapTy HA JIBYMEPHOM MACCHBE Y¥Ke He MOJYYUTCS B CHITY BOZMOMXKHOTO 0OITh-
moro pazbpoca koopauaar. OMHAKO cCaMUX TPIMOYTOJIBHUKOB HE OY€Hb MHOTO, MOITOMY OHPENEISTh MPUHAIeK-
HOCTH KJIETKH TeppuTOopur JeccisiHauu MOXKHO [IPOCTHIM HEPEOOPOM BCEX MPAMOYTOJHUKOB, U3 KOTOPBIX COCTOUT
TeppuTOpHst CTpaHbl. IIpy peanm3anuy 06X04a B IMUPUHY MPU TOMOIIM OYepesn 310 cyMapHo norpebyer O(n - S)
JeiicTBuit, Tae S - TJIOMAAb TePPUTOPUN CTPAHBI.

Ocranoch OTMETHTH, YTO /IS COBMECTHOTO DeIeHus Moa3aaad 3 u 4 HeoOX0IMMO peasn30BaTh 00a MOIX0a U B
cayudae n < 100 npuMeHsATH anropuTM nogazagadu 4, a uHade - anaroputM noa3agadu 3 (6yLydu TOYHO YBEPEHHbBIM,
YTO BXOJHbBIE JAHHBIE COOTBETCTBYIOT OIPDAHMYEHUSIM 3-eil [104331a4u ).



